LIMIT LAWS FOR BOOLEAN CONVOLUTIONS 



JIUN-CHAU WANG 

Abstract. We study the distributional behavior for products and sums of boolean 
independent random variables in a general infinitesimal triangular array. We show 
that the limit laws of boolean convolutions are determined by the limit laws of free 
convolutions, and vice versa. We further use these results to demonstrate several 
connections between the limiting distributional behavior of classical convolutions 
and that of boolean convolutions. The proof of our results is based on the analytical 
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apparatus developed in [Ql [10] for free convolutions. 



1. Introduction 



Denote by .Mr the collection of all Borel probability measures on the real line E, 
and by M. T Borel probability measures on the unit circle T. The classical convolu- 
tion * for elements in .Mr corresponds to the addition of independent real random 
variables, and the convolution © for measures in Jidj corresponds to the multiplica- 
tion of independent circle-valued random variables. A binary operation l±J on .Mr, 

> ■ 

called additive boolean convolution, was introduced by Speicher and Woroudi [18] . 
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counterpart of the additive boolean convolution. As shown by Voiculescu [19], [20] 
there are two other convolutions defined respectively for measures on M. and T. These 



They also showed that it corresponds to the addition of random variables belonging 
to algebras which are boolean independent. Later Franz [13] introduced the concept 
of multiplicative boolean convolution IgJ for measures in Aij, which is a multiplicative 



are additive free convolution EH and multiplicative free convolution 



The main purpose of this paper is to investigate the limiting distributional behavior 
for boolean convolutions of measures in an infinitesimal triangular array. Let {k n }™ =l 
be a sequence of natural numbers. A triangular array {fi n k '■ n G N, 1 < k < k n } C 
A4f is said to be infinitesimal if 

lim max ii nk ({( € T : |( - 1| > e}) = 0, 

n— >oo l<fc<fc„ 

for every e > 0. Given such an array and a sequence {A n }^ 1 C T, define 

Hn = 5 Xn M /i„i M /i n2 W ■ ■ • WfJ, nkn , v n = S Xn B fi nl K fj, n2 M ■ ■ ■ M fx nkn , 

and 

(Tn = 5\ n © yUnl © /in2 © ■ • ■ © fJ>nk n , U G N, 
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where 5\ n is the point mass at A n . We first prove in this paper that any weak 
limit of such a sequence {p n }^ =l is an infinitely divisible measure. This result may 
be viewed as the multiplicative boolean analogue of Hincin's classical theorem [15J. 
Note that the same result for EH (resp., M) has been proved in [6] (resp., [3]). Next, 
we find necessary and sufficient conditions for the weak convergence of fi n to a given 
infinitely divisible measure. In particular, our results show that the sequence p n 
converges weakly if and only if the sequence v n converges weakly. As an application, 
we show that the measures a n have a weak limit if the measures /i n (or u n ) have a 
weak limit whose first moment is not zero. Moreover, the classical limits and the 
boolean limits are related in an explicit manner. We also introduce the notion of 
boolean normal distributions on T, and we show that the sequence p n converges 
weakly to such a distribution if and only if the sequence a n converges weakly to a 
normal distribution (which is the push-forward measure of a Gaussian law on R via 
the natural homomorphism from R into T.) 

The additive version of our results were studied earlier by Bercovici and Pata in 
[5] for arrays with identically distributed rows. Thus, consider an infinitesimal array 
{v n k}n,k C M K with rj n = u nl = v n2 = ■ ■ ■ = v nkn , n G N. The infinitesimality here 
means that 

lim max u n k{{t G R : \t\ > e}) = 0, 

n^oo l<k<k n 

for every e > 0. Set 

Pn = Vn*r]n* ■ ■ ■ *Vn, T n = 7] n ffl 7] n ffl • • • EE! T) n 

k n times k n times 

and 

u n = r) n \Sr] n \S---\S rjy n G N. 

k n times 

The main result in (5] Theorem 6.3] is the equivalences of weak convergence among 
the sequences p m r n and u n . The result concerning p n and r n was first extended 
to an arbitrary infinitesimal array by Chistyakov and Gotze p2] (see also [10] for a 
different argument.) In the last part of this paper, we show how to extend the result 
regarding r n and u> n to an arbitrary infinitesimal array using the methods in [TO] . 

The remainder of this paper is organized as follows. In Section 2, we review the 
analytic tools needed for the calculation of boolean convolutions. We also describe 
the analytic characterization of infinite divisibility related to the various convolutions. 
In Section 3 we prove the limit theorems for arrays on T. The results regarding the 
classical convolution © are proved in Section 4. Finally, we present the analogous 
results for arrays on R in Section 5. 
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2. Preliminaries 



The analytic methods needed for the calculation of free convolutions was discovered 
by Voiculescu [HI [20]. Likewise, the additive boolean convolution formula was found 
by Speicher and Woroudi [18J, and the basic analysis of the multiplicative boolean 
convolution was done by Franz [13] (see also the paper of Bercovici [4] for a different 
approach to the calculation of both boolean convolutions.) The details are as follows. 



2.1. Multiplicative boolean and free convolutions on the unit circle. Denote 
by © the open unit disk of the complex plane C, and by D the closed unit disk of 
C. For a probability measure /z supported on T, one defines the analytic function 
fi M : © -> C by 

B,M = -j^, * e d, 

where the formula of ip^ is given by 

^( z ) = / i — t MO- 

Note that 

(2.1) s M (o) = v£(o) = / CdMC), 

and that Bg x (z) = A for all z G ED. As observed in [2], 

|B„(*)|<1, zeB, 

and, conversely, any analytic function B : D — > D is of the form B^ for a unique 
probability measure /i on T. 

Let \i\ and /12 be two probability measures on T. As shown in [131 H]> the multi- 
plicative boolean convolution \i\ IxJ [i 2 is characterized by the following identity 

(2.2) B^{z) = B^{z)B^{z), zeB. 

It is easy to verify that weak convergence of probability measures can be trans- 
lated in terms of the corresponding functions B . More precisely, given probability 
measures \i and {fi n }'^ =1 on T, the sequence /i n converges weakly to \x if and only if 
the sequence B^ n (z) converges to B^(z) uniformly on the compact subsets of D. 

A probability measure v on T is & -infinitely divisible if, for each n G N, there 
exists a probability measure v n on T such that 

v = v n ixJ v n Isl • • • l*J v n . 
" . ' 

n times 

The notion of infinite divisibility related to other convolutions is defined analogously. 

The feJ -infinite divisibility is characterized in |T3] as follows. A probability measure 
v is W -infinitely divisible if and only if either v is Haar measure m (i.e., normalized 



arclength measure on T), or the function B„ can be expressed as 
(2.3) B v (z)= 1 expf- J^^^da(Oy zEB, 

where 7 G T, and a is a finite positive Borel measure on T. In other words, a measure 
v is y-infinitely divisible if and only if either B v {z) = for all z G O, or ^ B V (B). 
We use the notation v^ a to denote the feJ -infinitely divisible measure v determined 
by 7 and a. 

Free multiplicative convolution Kl for probability measures on the unit circle was 
introduced by Voiculescu [20]. For the definition of El, we refer to [2l] . Through- 
out this paper, we will use the notation Aij to denote the collection of all Borel 
probability measures v on T with nonzero first moment, i.e., J T (di>(() 7^ 0. 

In this paper we will require the following characterization [7j of lEl-infinite divisi- 
bility. If a measure v is in the class /Aj , then the function ip v will have an inverse 
tp^ 1 in a neighborhood of zero. In this case one defines 

for z near the origin, and the remarkable identity X^a,^) = S M (z)£„(z) holds for 
z in a neighborhood of zero where three involved functions are defined. A measure 
v G M.j is Kl-infinitely divisible if and only if the function can be expressed as 

E v (z) = 7 exp U i±|i d<r(C)) , z G D, 

where I7I = 1, and a is a finite positive Borel measure on T. We will use the notation 
to denote the Kl-infinitely divisible measure v in this case. The Haar measure m 
is the only Kl-infinitely divisible probability measure on T with zero first moment. 



2.2. Additive boolean and free convolutions on the real line. Set C + = {z G 

C : Qz > 0} and C~ = — C + . For a, (3 > 0, define the cone r a = {z = x + iy G C + : 
\x\ < ay} and the truncated cone T a ^ = {z = x + iy G T a : y > (3}. We associate 
every measure /1 G .Mr its Cauchy transform 

r°° 1 

G„{z) = / ——dn(t), z G C + , 

and its reciprocal = : C + — >■ C + . Then we have < 3\F M (z) so that the 

function E^(z) = z — F^{z) takes values in C~ U R. The function £7^ is such that 
E /I (z)/z — > as z — > 00 nontangentially (i.e., |z| — >■ 00 but z stays within a cone T a 
for some a > 0.) Conversely, any analytic function E : C + — > C~ U R such that 
E fJi (z)/z — > as 2; — > 00 nontangentially is of the form E^ for a unique probability 
measure /ion t. 
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For /ii,/U2 G .Mr, the additive boolean convolution pi t±J /X2 is characterized [TBI [4] 
by the identity 

E^ 2 {z) = E^(z) + E^z), z G C+. 

Let {Hn}^=i be a sequence in .Mr. As shown in [HJ Proposition 6.2], the sequence 
p n converges weakly to a probability measure p G .Mr if and only if there exists 
(3 > such that lim^oo E^zy) = E a {iy) for every y > (3, and E Un (iy) = o(y) 
uniformly in n as y — > oo. 

Every measure v G .Mr is l+l-infinitely divisible [JS]. The function has a 
Nevanlinna representation [T] 

/•°° 1 + + z 

E„(z)=j+ ——da(t), z G C + , 

■/-oo ^ ' 

where 7 € R, and a is a finite positive Borel measure on R. We use the notation 
to denote the (l+l-infinitely divisible) measure v. 

The additive free convolution EB was first introduced by Voiculescu [19j for com- 
pactly supported measures on the real line (then it was extended by Maassen [16] 
to measures with finite variance, and by Bercovici and Voiculescu [8] to the whole 
class .Mr.) The book |21j also contains a detailed description for the theory related 
to this convolution. 

We require a result from [8] regarding characterization of EB-infinite divisibility. 
We have seen earlier that E u (z)/z — > as z — > 00 nontangentially for a measure 
p G .Mr. It follows that for every a > there exists /3 = /3(p, a) > such that the 
function F a has an right inverse F' 1 defined on T a ^. The Voiculescu transform 

(j) u (z) = F^ l (z) -z, z G r Qj/3 , 

linearizes the free convolution in the sense that the identity (p^m^z) = (p u (z) + <f> v (z) 
holds for 2 in a truncated cone where all functions involved are defined. A measure 
v G .Mr is EB-infinitely divisible if and only if there exist 7 G R and a finite positive 
Borel measure a on R such that 

<\>Az) =7+/ ^-^da(t), zeC + . 
J -00 z * 

We will denote the above measure v by ' . 

The Levy-Hincin formula (see [UJ) characterizes the ^-infinitely divisible measures 
in terms of their Fourier transform as follows: a measure p G .Mr is *-infinitely 
divisible if and only if there exist 7 G R and a finite positive Borel measure cr on R 
such that the Fourier transform p is given by 



p(t) = exp 



itx \ 1 + x 



2 



t G 
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where (e ltx — 1 — ^^f~ is interpreted as — 1 2 /2 for x = 0. The notation z/J ,CT 

will be used to denote the *-infinitely divisible measure determined by 7 and a. 

We will require the following result which was already noted in a different form in 
Lemma 2.3]. 

Lemma 2.1. Consider a sequence of real numbers {r n }^ =1 and triangular arrays 
{z n k GC:nGN, l<fc< k n }, {w n k eC:n6N,l<K k n } and {s n k 6l:n6 
N,l < k < k n }. Suppose that 

(1) all s n k 's are nonnegative, and 

sup 2J s nfc < +00; 

n ^ fc=l 

(2) $lw n k < and 9?z n fc < 0, for every n and k; 

(3) z n k = w n k(l + e n k), where the sequence 

£n = max \e n k\ 
i<k<k n 

converges to zero as n — > 00; 

(4) i/iere exists a positive constant M such that 

\Qw n k\ < M \?fcw nk \ + s nk , n e N, 1 < k < k n . 

Then the sequence {exp(ir n + Ylk=i z nk)}n°=i converges if and only if the sequence 
{exp(ir„ + X^fc=i w nfc)}^=i converges. Moreover, the two sequences have the same 
limit. 

Proof. From the assumptions on {z n k}n,k and {w n k}n,k, we deduce that 



(2.4) 
and 



/] [Znk - Wnk 



k=l 



< {l + M)e n l-^2^w 



k=l 




- ^ W nk < I - ^ Znk ) +£n J2 Snk > 

k=i J V fc=i / fe=i 

for sufficiently large n. Suppose that the sequence {exp(ir n + J2k=i Znk)}^! con_ 



verges to a complex number z. If z — 0, then we have lim^^ Ylih=i 
—00. Hence (2.4) implies that lim^oo Ylk=i ^ w nk = —00 so that the sequence 
{exp(ir n + Ylk=i Wnk )}ri=i converges to zero as well. If z ^ 0, then the sequence 
ex P(52k=i ^ z nk) converges to \z\ as n — > 00. In particular, Ylk=i ^- z nk is bounded. 
By (2.4) and (2.5), we conclude that lim n ^oo exp(^^™ 1 ^tw n k) = M, and that 

Um e M* Efel ^ W nk) = 1 
6 



nk 



Therefore the sequence {exp(ir n + Ylk=i Wnk )}n=i a ^ so converges to z. The converse 
implication is proved in the same way. □ 



3. Multiplicative Boolean Convolution on T 

Fix an infinitesimal array {fi n k '■ n G N, 1 < k < k n } of probability measures on T. 
For any neighborhood of zero V C D, it was proved in 0, Theorem 2.1] that 

(3-1) lim Vw( z ) = l ~ 

n^oo 1 — Z 

holds uniformly in k and z G V. It follows that, as n tends to infinity, the sequence 
B^ nk (z) converges to 1 uniformly in k and z G V. Thus, (2.1) implies that each 
Unk has nonzero first moment when n is large. Hence, for our purposes, we will 
always assume that each member in such an array belongs to the class Jidj . Another 
application of (3.1) is that the principal branch of log B^ (z) is defined in V for large 
n. 

Next, we introduce an auxiliary array : n G N, 1 < k < k n } C A4j as follows. 
Fix a constant r G (0,7r). Define the measures \x° nk by 

^nfe(C) = dfi nk (b nk (), 
where the complex numbers b n k are given by 

b nk = exp ( % j arg ( dfi nk {() 1 . 

Here arg^ is the principal value of the argument of (. Note that the array {n nk \n,k 
is again infinitesimal, and 

(3.2) lim max | arg | = 0. 

n^oo l<k<k n 

We associate each measure \f nk the function 

h nk (z) = -i [ Z(d»° nk (0 + / - m dfi° nk ((), z G D, 

and observe that ?fch nk (z) > for all z G © unless the measure n° nk = Si. 

Lemma 3.1. If e G (0, 1/4), then we have, for sufficiently large n, that 

1 - B^ k (z) = h nk (b nk z) (l + v nk (z)), 1 < k < k n , 
where z is in V £ — {z G D : \z\ < e}. Moreover, we have 



lim max |v n fc(z)| = 

n^oo l<k<k n 



uniformly on V £ 



Proof. Applying (3.1) to the array {fJ>nk\n,k, we deduce, for large n, that 



(tti) 



^nfc I ]_ _|_ 



(1 



where 



lim max |ti n fc(2;)| = 

rt^oo Kk<k n 



uniformly on {z : \z\ < 1/3}. Introducing a change of variable z z/(l — z), we 
obtain 



z — 



i + ^° fc W 

Exploiting the identity 

(i-*)(i-C) 



1 + Mnfc 



1-2 



we conclude, for sufficiently large n, that 



1 = - 



^nfc(^) ( 1 + «nfc 



1-2 



for all z G V e . 

To prove the result, it suffices to show the following claim: for every n and k, we 
have 

Kk {Kkz) = h nk (z)(l + w nk {z)), 

where lim n _ >00 max!< fe < fen \w n k{z)\ = uniformly in V £ . If the measure /i° fc = Si, then 
we have h nk (z) = for all z£D. In this case, we define the function w nk to be the 
zero function in D. If \i° nk ^ Si, then we define the function 



, , h n k \b n k z ) 



z e 



Observe that 

\h n k ipnkZ) — h nk (z)\ 



'i - Kk) / 



2(z 



< 1 1 - b nk | 
2 



(1 - C*) (1 - C&nfc*) 

2(2 



(i-^C)«C) 



(1 - Cz) (1 - C&nfc*) 

l-b~ k \ [ (1-^0^(0, 



(i-«C) d^(C) 
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for z G V £ and ( G T. Meanwhile, Harnack's inequality implies that there exists 
L = L(e) > such that 



Thus, we have 



ft 


ri+c*~ 




= 3? 


\ 1 + Cz ] 














\Kk{z)\ 


> m 


nk{z) 



>L, zeV e ,(eT. 



[ 9? 


\ 1 + Cz] 


It 


Li — c^J 



;i-»c)d^(C) 



>L /(l-^C)^(C). 



Combining the above inequalities, we get 

|^nfc (^nfe- 2 ) — h n k(z) 



\w n k(z)\ < 



\h n k(z)\ 



< 



1 - &nfc < 



[l- e )*L 

for z G V e . Hence the claim is proved by (3.2). 



(1-efL 



|arg 6. 



ri k 



□ 



A crucial property for the functions h n k{z) proved in [9l Lemma 4.1] is that for 
every neighborhood of zero V C D there exists a constant M = M(V, r) > such 
that 



(3.3) 



$fhnk(z)\ < Mm nk (z 



z G V, 1 < k < k n , 



for sufficiently large n. 



Proposition 3.2. Let {\ n }™ =1 be a sequence in T. Suppose that B : 
analytic function. Then 



is an 



k'n 



lim \ n \[B, nk { Z ) = B{ Z ) 



k=l 



uniformly on the compact subsets of O if and only if 



lim exp I i arg X n + i ^ arg b nk — Y, h nk(z) \ =B(Z) 



k=l 



k=l 



uniformly on the compact subsets of '. 



Proof Suppose that the sequence {exp(i arg A n + i J2k=i ar S b n k ~ J2k=i h n k{z))}^ = i 
converges to B(z) uniformly on the compact subsets of D. Note that 

logu> = w — 1 + o(\w — 1|) 

as w — > 1, and B^ (z) = b nk B^ nk {b nk .z) for every z G D. For z near the origin, 
Lemma 3.1 shows that log (b nk B^, nk (z)) = —h nk (z){l + o(l)) uniformly in k as n 



tends to infinity. Then Lemma 2.1 implies that 

I™ \ n \[B, nk (z) = B(z) 

fe=l 

uniformly in a neighborhood of zero. Moreover, this convergence is actually uniform 
on the compact subsets of© since the family {A n Y^h=\ ^^ n k( z )}n!=i ^ s normal. The 
converse implication is proved in the same way. □ 

Lemma 3.3. Let {^n}^! be a sequence of y -infinitely divisible measures on T. If 
the sequence v n converges weakly to a probability measure v , then the measure v is 
^-infinitely divisible. 

Proof. The weak convergence of v n implies that the sequence B Un (z) converges to 
B v (z) uniformly on the compact subsets of D. If the function B v is nonvanishing in 
D, then the measure v is y-infinitely divisible. On the other hand, if B v {zq) = for 
some zq G D, then Rouche's theorem implies that there exists an N = N(z ) G N 
such that the function B Vn (z) also has a zero in the disk {z : \z — z \ < 1 — \zq\} 
whenever n > N. Since each v n is W -infinitely divisible, we conclude in this case 
that v n is the Haar measure m for all n > N. Consequently, the measure v must be 
m as well. □ 

Our next result is the boolean analogue of Hincin's theorem. 

Theorem 3.4. Let {X n }^ =1 be a sequence in T. // the sequence of measures 

converges weakly on T to a probability measure v, then v is W -infinitely divisible. 
Proof. From (2.2) and the weak convergence of 5\ n y n n \ M /i„2 M • • • W we have 

\ n \{B, nk {z) = B v {z) 

k=l 

uniformly on the compact subsets of D. Observe that the function — Ylk=i hnk(z) 
has negative real part in D, and hence there exists a W -infinitely divisible measure 
u„ on T such that 



% arg X n + i ^ ar S b nk - h nk (z) J , 

k=l k=l J 



zeB. 



Proposition 3.2 then implies that the sequence v n converges weakly to v. The W- 
infinitely divisibility of the measure v follows immediately by Lemma 3.3. □ 

Fix 7 G T and a finite positive Borel measure a on T. 

Theorem 3.5. For the infinitesimal array {n n k}n,k C M.j and a sequence {A ra }^ ( L 1 C 
T, the following statements are equivalent: 
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(1) The sequence 5\ n feJ// n i M/i n 2 M • • • M/i n fc n converges weakly to v^f . 

(2) T/te sequence 5\ n M fi nl Kl /i„ 2 Kl • • • Kl fi nkn converges weakly to ' . 

(3) The sequence of measures 

fc=i 

converges weakly on T to a, and the limit 

lim 7 n = 7 

n— >oo 

exists, where 



7„ = exp z arg 



An + i ^ arg &rifc + i 

fe=i fc=i / 



Proof. The equivalence of (2) and (3) has been proved in [9j. We will focus on the 
equivalence of (1) and (3). Assume that (1) holds. Then we have 

^ n ( f 1 I Cz 
lim A n TT B^ k (z) = B u i,° (z) = 7 exp ( - / — da(() 

uniformly on the compact subsets of D. Proposition 3.2 then shows that 
(3.4) 

z arg A n + z ^ arg - ^ ^(2) ) = 7 exp ( - / dcr(C) j 

fc=l fc=l / V </T ^ / 

uniformly on the compact subsets of D. Taking the absolute value on both sides, we 
conclude that 

(3.5) lirn exp(^-J2m nk (z)j = exp J ft da^, zeB. 



Since 



exp I z arg A n + z arg 6 nfc - ^ h nk (z) j = 7 n exp ( - / fj~J~ *x n (C) ) > 
\ fc=l fc=l / V </t / 

and the real part of the function Ylk=i ^nk(z) is the Poisson integral of the measure 
do~ n (C), the equation (3.5) uniquely determines the measure a which is the weak 
cluster point of {cXn}^. Hence, a n must converge weakly to a. The convergence 
property of the sequence j n follows immediately by letting z = in (3.4) and (3.5). 

For the converse implication from (3) to (1), one can easily reverse the above steps 
to reach (1) by Proposition 3.2. The details are left to the reader. □ 

The equivalent condition for the weak convergence of S\ n Kl ix nl Kl jj, n2 Kl • • • IE fi nkn to 

Haar measure m was given in [9j Theorem 4.4]. It turns out that the same condition 

is also equivalent to the weak convergence of 8\ n Is) /x n i l*J fi n2 Is) • • • fel fi nkn to m. We 
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will not provide the details of this proof because they are entirely analogous to the 
free case. We only point out the relevant fact needed in the proof is that 

b^)= [ cdMO 

JT 

for all probability measure \i on T. 

Theorem 3.6. For the infinitesimal array {f^ n k}n,k C Aij and a sequence {X n }^=i C 
T, the following statements are equivalent: 

(1) The sequence 5\ n W/i n 2 W • • • ^j^ n k n converges weakly to m. 

(2) The sequence S\ n Kl /i nl Kl fi n2 Kl • • • Kl fi nkn converges weakly to m. 
(3) 



lim^ / (1 - dfaiC) = +oo. 

fe=l ^ 



We conclude this section by using Theorem 3.5 to determine the multiplicative 
boolean analogues of Gaussian and Poisson laws on R. The following result generates 
a measure analogous to the Gaussian distribution on the real line. 

Corollary 3.7. For every t > 0, the function 

is of the form B = B v for some y -infinitely divisible measure v G M.j . 
Proof. For n > t, we define 



fink = Hn = \ + <%J , 1 < k < U, 



where 



L = \/l--+iJ-. 

n V n 



To apply Theorem 3.5, we choose r = 1 so that b n k = 1 for every n and k. Hence we 
have n° n = fi n . As in the statement of Theorem 3.5, we define the measures 

d<7 n (C) = n(l-3fcC)<WC), 

and the numbers 7„ = exp (in J T dfi n (()) • Note that 7„ = 1 for all n E N, and 
the p-th Fourier coefficient <r^(p) of the measure <r n is given by 

JT 

where p is an integer. Since \\vcL n ^ 00 On(p) = t/2 for all p, we conclude that the 
sequence a n converges weakly on T to the measure 

o = -5,. 
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Theorem 3.5 then implies that the sequence u n y/i n y • • • converges weakly to 



n times 

1,0- 



as n —> oo. The desired result now follows from (2.3). □ 

Definition. A y-infinitely divisible measure v^f G Aij is said to be y -normal if 
the measure a is concentrated in the point 1 (i.e., a = a(T)5i). 

Our next result produces a boolean analogue of the Poisson distribution on 1L 

Corollary 3.8. For every t > and A G T, £/ze function 

B(z) = exp (-*(! - A) (V— , * G D, 



1 - Xz / , 

is of the form B = B u for some y -infinitely divisible measure v G M.j . 
Proof. Note that B = B$ 1 when A = 1. Assume now A ^ 1. This time we set 

Vnk = Vn= ( 1 - - ) <5l + -5\, 1 < k < n, 
\ n J n 

and we choose r = | arg A | /2 so that p° n = fi n . Meanwhile, we define the measures 
a n and the numbers 7„ as in the proof of Corollary 3.7. Then we have On{p) = 
tX P (l — 3?A) and 7„ = e*' 3A , for all p G Z and n G N. Thus, the measures a n converge 
weakly on T to the measure 

<r = t(l- 3?A)5 A , 

while the number 7 = e rf3A . Then the proof is completed by Theorem 3.5 and the 
following observation: 

1 + Xz 



^A-t(l-KA)--^ = -t 
1 — Xz 



= -t 



-iSA + (l-9fcA)- , 
1 — Xz 

(1-A)(1-2T) 

1 - A^ 



□ 



4. Classical Convolution on T 



Consider an infinitesimal array {fi n k}n,k C A4j and a sequence {A™}^ C T, we 
define 

and 

for every n G N. The aim of current section is to investigate connections between the 
asymptotic distributional behavior of {Unj^Li and that of {z/ n }^ =1 . For our purposes, 
we introduce the complex numbers 



b nk = exp ( % j arg C dfi nk (() J , 

V ^|argC|<l 
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and the centered measures = dfj, nk (b nk () ■ Note that we have 

for any integer p, and that the function 

C P - l - ip^C 

is continuous and bounded on T. (The value of this function for C = 1 is set at — p 2 
in order to preserve its continuity at that point.) 

Theorem 4.1. Assume that 7 £ T, and that a is a finite positive Borel measure 
on T. If the sequence [i n converges weakly to v^f , then there exists a probability 
measure v on T such that the sequence v n converges weakly to v. Moreover, the 
Fourier coefficients of the limit law v can be calculated by the formula: 

(4.1) u(p) = 7 p ex P Qf C ~ 1 _"^ C da(C)j , p E Z. 

Proof. Observe that z/^(0) = 1 for all n e N, and the right side of (4.1) is 1 when 
p — 0. Fix now a nonzero integer p. To prove the theorem, it suffices to show that 
the sequence {v n {p)}'^L l has a limit, and that this limit can be identified as the right 
side of (4.1). Since the array {n° nk } n ,k is infinitesimal, the principal logarithm of 
fJ- nk {p) exists when n is sufficiently large. Moreover, we have 

ip arg \ n + ip^2 ar S b nk + lo S a£*,(p) 

k=l k=l 

for large n. Define the complex numbers A nk = A nk {p) = H nk (p) ~ 1) an d set 

kn 

dtr B (C) = 5i(l-KC)d^(0, 
fc=i 

and 

i arg \ n + i V arg 6 nfc + iV / 3( d/i° nk (C) . 

fc=i k=i Jt / 

By Theorem 3.5, the measures <r n converge weakly on T to the measure a, and the 

limit of the sequence 7„ is 7. Note that 



In 



exp ip arg A n + ip arg 6 nfc + S ^ j A nk \ =7^ exp A nk - ip%( dfi° nk (() 

k=i k=i J \k=i L 

exp ~ l ~ ^nkiO^J 

/ /• £ p _ 1 _ \ 
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Therefore, we deduce that 



C - 1 - ip%( 



1-BC 



da(() 



lim exp ip arg A n + ip arg 6 nfe + V] A nfe = 7 P exp 

n— >oo \ ^— ' ^— ' / 

\ fc=l fc=l / 

The infinitesimality of the array {n° nk \ n ,k implies that max!< fc < fcn \ A nk \ — > as 
n — > oo. Hence for sufficiently large n the expansion 

logS(p) = Ml + A nk) = A nk - X -A 2 nk + X -A\ k 

holds. Thus, we deduce that log/x° fe (p) = A nk (l + o(l)) uniformly in fc as n — > oo. 

Denote by W p the set of all complex numbers C £ T such that 3 | arg (\ < min{l, |7r/p|}, 
and by V p the set of all ( E U p such that 6 |arg£| < min{l, |vr/_p| }- We also introduce 
the sets U° = U°(n, k) = {b nk ( : ( 6 By (3.2), we have 



/ argCd/i° fe (C) 




&rgb nk - / argC^„ fc (C) 


J u p 




^{|argC|<l}\W° 



arg b nk fi° nk (T \ U p ) — \ arg ( d\i nk (C) 

J{|argC|<l}\W° 

<2 M ° fc (T\V p ), 
for sufficiently large n. Hence we conclude, for large n, that 



paxgCd//° fc (C) 



|SC P -pargC| %(C) + 

< 2 / (l - HO d^(C) + (2 |p| + 1)^(T \ V p 
Ju p 

<2\MA nk \ + (2 |p| + lK fe (T\V p ). 
Meanwhile, the weak convergence of a n implies that 

lim/ -±-da n (Q= f y^daiC). 
n ^°° Jt\v p 1 - 5KC y T \v„ i - 

Since 



/ \%C P \dtf lk (C) 

T\U P 



k=l 



T\V P 



'T\V P 
1 



we conclude that Ylk=i f^nkO^ \ H>) * s bounded. 
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Applying Lemma 2.1 to the arrays {A n k} n ,k and { log }„,£;, we conclude at 
once that the sequence v n (p) converges, and 

I fori &n 

lim u n (p) = lim exp ip arg A n + ip arg b nk + V] 

n— >oo n— >oo \ ' » ' » 



k=l k=l 



□ 



Remark. Note that (4.1) implies that the limit law v in Theorem 4.1 is ©-infinitely 
divisible. Indeed, for every n6N, there exists a probability measure v n on T such 
that 

(1 f £ P — 1 — ip$s£ \ 
nj r 1-«C MC 7' PGZ ' 
It follows that i/ = ^ n © z/ n © ■ • • © t^t , and hence the measure v is ©-infinitely divis- 

n times 

ible. 

Suppose a G R and t > 0. Denote by N(a,t) the Gaussian distribution on E with 
mean a and variance t, that is, 



dN(a,t)(x) = ■= e m( x a ) 2 -oo < x < oo. 

Let r be the continuous homomorphism x \— > e lx from M into the circle T. A prob- 
ability measure v on T is called a normal distribution pjj Chapter V, Section 5.2] 
if v is the push-forward measure of a Gaussian law N(a, t) through the map r. One 
computes its measure v(S) of a Borel measurable set S C T as 

u{S) = [ -^e-^ u - a+2n ^ 2 du, 

where the set arg S = {arg£ : ( G S}. Note that v is normal if and only if 

v(p) = exp (^iap — i^P^j > p G Z. 

It follows that each normal distribution on T is ©-infinitely divisible. The next result 
shows that the boolean (or free) central limit theorem holds if and only if the classical 
central limit theorem holds. Recall a y -normal distribution on T is a y -infinitely 
divisible measure v^ 7 such that the measure a is concentrated in the point 1. 

Corollary 4.2. The sequence // n converges weakly on T to a W -normal distribution 
if and only if the sequence u n converges weakly on T to a normal distribution. 

Proof. If the sequence ji n converges weakly to a W -normal distribution z/J' 7 , then 
Theorem 4.1 shows that the sequence v n converges weakly to a probability measure 
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v such that z/(p) = 7 p exp(— <r({l})p 2 ) for all p G Z. Therefore, the measure z/ is a 
normal distribution on T. 

Assume now that the sequence v n converges weakly on T to a normal distribution 
v. Then we have 

lim u n (p) = d{p) = 7 P exp ( —p 2 J , p G Z, 

n— >oo \ Z J 

for some 7 G T and £ > 0. Define the complex numbers A nfc (p), 7„ and the measures 
<t„ as in the proof of Theorem 4.1, and note that 

iargA n + i^arg6 nfe + ^A„ fc (l) J = 7 „ e - a " (T) , n G N. 
fc=i fc=i / 

Let us recall, from Section 3, the definition of functions 

hnk(z) = -i f 9CdK*(0 + / 7-^(1 - «C) ^(0, * G D, 

and observe that \%A nk (l)\ = \%h nk (0)\ and \UA nk (l)\ = \m nk {0)\. Then (3.3) 
shows that there exists M > such that I^A^l)! < M \$t,A nk (l)\ for large n. Since 
log/x° fc (l) = A n fe(l)(l + o(l)) uniformly in k as n — > 00, Lemma 2.1 and (4.2) imply 
that 

i arg A n + i V" arg 6 nfc + A nk (l) 

k=l k=l 

= lim v n {l) = 7 exp ( -* 



2 / 

Consequently, we have lim^oo <T n (T) = t/2, and lim„^ oo7n = 7. In particular, we 
deduce that the family {o^}^ is tight. Let a be a weak cluster point of {cr n }^ =1 , 
and suppose that a subsequence a nj converges weakly to a as j — > 00. Then we have 
cr(T) = t/2. Moreover, Theorems 3.5 and 4.1 yield that 

7 P exp (^~\p^j = Hp) = 7 P exp (^j - - j- ^p— ^ <MC)) , p £ 1*. 
Taking the absolute value on both sides, we have 

1 -3?C ? 



P 2 - 



dtr(C), 



1 — 3«C 

for every p G Z. Therefore, we deduce that p 2 = (1 — 9?C P )/(1 ~~ ^C) f° r o"-almost all 
( G T. Since the function ( 1— > (1 — 9?C P )/(1 ~~ 9^0 achieves its maximum p 2 only at 
C = 1, we conclude that 
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Hence, the full sequence a n must converge weakly to a because a is unique. The 
result now follows by Theorem 3.5. □ 

Remark. The attentive reader might have noticed that a crucial step in the proof of 
Corollary 4.2 is that (4.1) uniquely determines the measure a. The following example 
inspired by [TTl Chapter IV, Section 8] shows that this phenomenon does not happen 
in general. Consider the function 

/(C) = 4vr3C, C G T. 

Note that we have f T ( P f(()dm(() = 2pm when p = ±1, and f r ( P f '(£) dm(() = 
for other p's. Denote by / + the positive part of /, and by /~ the negative part of /. 
Let us introduce measures 

<MC) = (1 - 3?C) / + (C) dro(C), da 2 (C) = (1 - RC)/ - (0 <M0- 
Then o~i 7^ o~2, and yet 

exp U i-ggC ^ l(C) J =exp U i-g£c ^ 2(0 J 

for every pGZ. 

We conclude this section by showing a result concerning the weak convergence to 
Haar measure m. 

Theorem 4.3. The sequence 

AnTT / (d/i nk (() 

converges to zero asn^oo if and only if the sequence /i n converges weakly to m as 
n — > 00. 

Proof. Define the measures o~ n and the complex numbers 7 n as in the proof of The- 
orem 4.1. Then Lemma 2.1 and the proof of Corollary 4.2 show that the sequence 
7ne~ CT "^ T - ) converges if and only if the sequence 

U n {l) = A n TT / (dll n k(() 

k=l jj 

converges. Moreover, the two sequences have the same limit. Therefore, the result 
follows at once by Theorem 3.6. □ 

Remark. Theorem 4.3 shows that if the measures v n converge weakly to Haar measure 
m, then the measures fi n converge weakly to m as well. The example below indicates 
that the converse of this fact may not be true in general. Define 

p n = ( 1 - - J 5i + -<?_!, neN. 
\ n J n 
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Note that we have 

{1 if p is even; 

1 — - if p is odd. 

Theorem 3.6 shows that the sequence p n fcJ p n M • • ■ M p„ converges weakly to m as n — > 

n 2 times 

oo. However, the sequence converges weakly to the probability 

n 2 times 

measure 

v = -(6 1 + 6- 1 ) 

as n — ► oo. Note that the limit law v is ©-infinitely divisible because v © v = v. 
However, the measure v is neither bsJ -infinitely divisible nor Kl-infinitely divisible. 

5. Measures on R 

Let \y nk : n G N, 1 < k < k n } C .Mr be an infinitesimal array. Define the 
probability measures v° nk by 

dv° nk {t) = dv nk (t + a nk ), 
where the numbers a nk G [—1,1] are given by 



a n k = / tdu nh (t). 
J\t\<i 

Note that the array {y^\ n> k is infinitesimal, and that lim^,^ maxi<fc<j. n |a„&| = 0. 
We introduce analytic functions 



1 + tz 

z-t 



t 2 



1 + t 2 



dv° nk (t), z G 



and note that 

f°° tz 

fnk(z) = / ——.dv° nk {t) 
J -oo Z 1 

for every n and k. Moreover, observe that ^sf n k(z) < for all z G C + unless the 
measure v° nk = Sq, and that f n k( z ) — °(\ z \) as z > 00 nontangentially. The following 
result is analogous to Lemma 3.1. 

Lemma 5.1. Let be a truncated cone. Then for sufficiently large n, we have 

E <S Z ) = f nk ( z + a «fc)( 1 + v nk{z)), 

where the sequence 

v n (z) = max \v nk (z)\ 
i<k<k n 

has properties that lim^oo v n (z) = for all z G T a ^, and that v n (z) = o(l) uniformly 
in n as \z\ — > oo ; z G r Qj/ g. 

Proof. It was shown in [5], Proposition 6.1] that the function E v ° (z) can be ap- 
proximated by the function f n k{ z ) in the way we stated in the current lemma for 
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sufficiently large n. To prove the lemma, we only need to show that the function 
fnk( z + a nk) can be approximated by the function f nk (z) in the same way. As in 
Lemma 3.1, we may assume that ^sf n k{z) < for all n, k, and z G r Q/3 . Then it 
suffices to show that the sequence 

fnk\Z Q"nk) 



u n (z) = max 

Kfc<fc„ 



fnk(z) 



converges to zero as n — > oo for every z G T a ^, and that u n (z) = o(l) uniformly in 
n as z — > oo, z G T a ^. Indeed, we have, for all n, k, and z G that 



\fnk(z + a nk ) - fnk(z)\ < \a nk \ 



\z + a nk — t\\z — t\ 



t 2 



Z - t 



\z - t\ \z + a nk - t\ 



d< k {t) 



< 2Vl + a 2 



t z 

&nk I / ~, 7*2 

oo % t\ 



while 



\fnk(z)\ > \3tf nk (z)\ > ^SZ 

Hence, we conclude that 



\z-t\ 



dKk(t)- 



fnk\ z + Clnk) 



fnk(z) 



< 



\fnk(z + a nk ) — fnk{z)\ , /— — Aa nk 
— < 2VI + a z 

\^fnk{z)\ 



Qz 



The result follows since lim^oo maxi<fc<fc n \a nk \ = 0. 



□ 



As shown in [10, Lemma 3.1], the functions f n k(z) possess remarkable features as 
follows. For y > 1, and for sufficiently large n, we have 



m nk {iy)\<(3 + 6y)\$f nk {iy)\ 



and 



|9& [fnk{iy) - b nk {y)]\ < 2 \Qf nk (iy)\ , 
where the real- valued function b nk (y) is given by 

{t - a nk )y 2 

Clnk H — ; 

ltl>l . 



bnk(y) 



y 2 + (t- a nk ) 



Kk<K 



1 ^ Jv ^ ^71} 



dv nk (t). 



Proposition 5.2. Let {c n }^ =1 be a sequence of real numbers. 

(1) For any y > 1, the sequence {c n + ^2^i E„ nk (iy)'}^ =1 converges if and only 
if the sequence {c n + Yl k =i i a nk + fnk(w)]}n°=x converges. Moreover, the two 
sequences have the same limit. 

(2) // 



roc 

sup S / 7 

«>! k=1 J -co 1 



t z 

+72 
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then c n + ^2kLi E„ nk (iy) = o(y) uniformly in n as y — > oo if and only if 
c n + ^2 k=1 [o n fe + fnk(iy)} = o{y) uniformly inn as y -> oo. 



Proof. Fix y > 1. Since E v °^ k (z) = E Unk (z + a„fc) — a «fc, we obtain, from Lemma 5.1, 
that 

-E Unk (iy) + a nfc = -f nk (iy)(l + u nk (iy)), 

where the sequence u n {iy) = m&xi< k < kn \u nk (iy)\ converges to zero as n — > oo. Thus, 
(1) follows from (2.4) and (2.5) by setting z nk = -iE Unk {iy) +ia nk , w nk = -if n k{w) 
and s nk = 0. 

Now, let us prove (2). Since lim n ^oo maxi<fc<fc n |a nfc | = and u n {iy) = o(l) 
uniformly in n as y — > oo, we may assume that |a n fe| < 1/2, and that u n (iy) < 1/6, 
for all n, k and for sufficiently large y. Observe that 



£lMv)l = E / 
k=i k =i ■ / i*i> 1 



a nk + 



{t - a nk )y z 



dv nk {t) 



y 2 +(t- a nk ) 2 _ 

< (1 + y) V / - dv nk {t) < 5y V / - ^(i) 
fc=1 Al>i 2 fc =i^l*l>i 5 



< 



k=i J \*\^ 1 



{t — (Ink) 2 

+ (t- a nk ) [ 



dv nk (t) < 5yL. 



Then (2.4) and (2.5) imply that 



< 



and 



k=l 



< 



J^%E„ nk (iy) 



k=l 



k=l 



+ 5yLu n (iy), 



+ 5yLu n (iy), 



for fi6N. Then (2) follows since u n {iy) = o(l) uniformly in n as y — > oo. 



□ 



We are now ready for the main result of this section. With Proposition 5.2 in 
hands, one can follow almost word for word the argument of [HH Theorem 3.3] to 
prove the following result. Therefore, we will not repeat this rather lengthy proof 
here but refer to [TOj for its details. 

Theorem 5.3. Fix a real number 7 and a finite positive Borel measure o on E. Let 
{c n }%L± be a sequence of real numbers. Then the following statements are equivalent: 

(1) The sequence 5 Cn * v n \ * v n 2 * • • • * v n k n converges weakly to vj'" ■ 

(2) The sequence 5 Cn EH v n \ EH v n 2 EH • • • EH v nkn converges weakly to . 

(3) The sequence 5 Cn t±J u nl l±l v n2 l±l • • ■ l±l v nkn converges weakly to . 

21 



(4) The sequence of measures 

^-(O = £ TT72 
k=l 

converges weakly on R £o a, and the sequence of numbers 

kn 

In C ra + ^ ^ 
k=l 

converges to 7 as n — > 00. 
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